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Gerbes in classical Chern-Simons theory
Kiyonori Gomi ∗
Abstract
We construct geometrically a gerbe assigned to a connection on a prin-
cipal SU(2)-bundle over a closed oriented 1-dimensional manifold. If the
connection is given by the restriction of a connection on a bundle over a
compact 2-manifold bounding the 1-manifold, then we have a natural ob-
ject in the gerbe. The gerbes and the objects satisfy certain fundamental
properties, e.g. gluing law.
1 Introduction
It is well known that the value of the Chern-Simons action functional (CS action)
[4, 12, 13] of a connection A on a principal SU(2)-bundle P over a closed oriented
3-manifoldM is well-defined as a complex number of unit norm: e2pi
√−1SM (A) ∈
T. For a principal bundle Q over a closed oriented 2-manifold Σ, there exists
a Hermitian line bundle over the space of connections on Q. We call the line
bundle Chern-Simons line bundle and denote the unit norm elements of the fiber
at a connection a by TQ(a). This set admits a simply transitive action of T and
is so-called a principal T-space, or a T-torsor. If the 3-manifoldM has boundary,
then the value of the CS action depends on a certain boundary condition. Hence
the CS action is defined as e2pi
√−1SM (A) ∈ T∂P (∂A). The CS action and the
CS line bundle (or T-torsor TQ(a)) satisfy certain fundamental properties [4, 5]
which are the classical counterpart of the axioms of the Topological Quantum
Field Theory [1]. In particular, we can compute the CS action with ∂M = ∅
from the CS action with ∂M 6= ∅.
For a 2-manifold with boundary we cannot define the CS line bundle without
any choice of a certain boundary condition [4]. This is similar to the definition
of the CS action for a 3-manifold with boundary. According to Freed [5], these
phenomena arise in all dimensions and are described by using higher analogue
of principal homogeneous spaces. For a closed 2-manifold we already have the
T-torsor TQ(a) assigned to each connection on Q. For a closed 1-manifold a sort
of category called a T-gerbe [5] appears. Let T be the category of T-torsors.
The category has an abelian group-like structure (Proposition 4.3). A category
on which T acts simply transitively in the categorical sense is called a T-gerbe
(see Section 4).
∗The author’s research is supported by Research Fellowship of the Japan Society for the
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In the case of Chern-Simons theory with a finite structure group, the T-
gerbes associated with closed 1-manifolds are given by a certain integration
theory of cocycles [5]. In the case of Chern-Simons theory with a continuous
structure group, a construction of the T-gerbes is proposed extending the inte-
gration theory [6, 7]. The purpose of this paper is a geometric construction of
the T-gerbes. We only consider the case that the structure group G is SU(2),
since we can easily generalize the construction to the case that G is a simple,
simply connected, connected, compact Lie group.
Here we briefly explain the construction. Let S be a closed oriented 1-
manifold (disjoint union of unparameterized circles), and R a principal bundle
over S whose structure group is G = SU(2). We denote the space of connections
on R by AR, the space of sections of R by SR, and the loop group [11] by
GS = Map(S,G). Because GS acts on SR by the pointwise product, we have
a (trivial) GS-bundle BR = AR × SR on AR. We denote by BR(a) the fiber
at a ∈ AR. Obviously BR(a) admits a simply transitive action of GS , and is
a GS-torsor. Using the method of Mickelsson [10] we can construct a central
extension of GS by T
1 −−−−→ T −−−−→ ĜS −−−−→ GS −−−−→ 1.
For this central extension a lifting of BR(a) is a pair (B̂, q̂), where B̂ is a
manifold with a simply transitive ĜS-action (i.e. ĜS-torsor) and q̂ : B̂ → BR(a)
is an equivariant map under the actions of the groups. The category BR(a)
of liftings of BR(a) admits an action of T and we have a T-gerbe assigned to
each connection a ∈ AR. We can regard BR(a) as the category of liftings of the
structure group of the bundle BR(a)→ {a} to the central extension. Moreover
we construct a lifting B̂Q(A) ∈ Obj(B∂Q(∂A)) assigned to a connection A on a
bundle Q over a 2-manifold Σ with boundary. As is also indicated in [5], the
T-gerbes and the liftings satisfy the fundamental properties (Theorem 6.3) such
as gluing law.
We remark that the description of gerbes in this paper is local. As the CS
line bundle corresponding to TQ(a) is defined over AQ, there exists a global
geometric object over AR corresponding to BR(a). Such a geometric object is
described as a Dixmier-Douady sheaf of groupoids or a DD gerbe [2, 3], and will
be observed in the forthcoming paper [9].
This paper is organized as follows. In Section 2 we recall the CS action
and the CS line bundle. In Section 3 we study the Wess-Zumino term and
the construction of the central extensions of loop groups. The construction is
essential to the main properties of the T-gerbes and the liftings. In Section 4 we
introduce T-torsors and T-gerbes. In Section 5 we define a T-gerbe associated
with liftings. We observe the correspondence between the operations on liftings
and that on T-gerbes. In Section 6 we state the main results of this paper. We
define the T-gerbe BR(a) and the lifting B̂Q(A). The fundamental properties
are proved here.
2
2 The Chern-Simons action functional and the
Chern-Simons line bundle
We recall the Chern-Simons action and the Chern-Simons line bundle [4, 12, 13].
In this paper G represents SU(2) otherwise stated. Let M be a compact
oriented smooth 3-manifold, and pi : P →M a smooth principal G-bundle. We
denote the space of smooth connections on P by AP and the space of smooth
sections of P by SP . Because any SU(2)-bundle over a compact manifold whose
dimension is less than 4 is topologically trivial, SP is not empty. The space of
smooth maps GM = Map(M,G) is a Lie group by the pointwise product and
acts on SP by s 7→ s · g. We fix an integer k throughout this paper.
Lemma 2.1. For A ∈ AP and s ∈ SP we put
S˜M (A, s) =
k
8pi2
∫
M
s∗Tr
(
A ∧ dA+ 2
3
A ∧ A ∧ A
)
. (1)
For g ∈ GM we have
S˜M (A, s · g)− S˜M (A, s) = k
8pi2
∫
∂M
Tr(s∗A ∧ dgg−1) (2)
− k
24pi2
∫
M
Tr(g−1dg ∧ g−1dg ∧ g−1dg).
This lemma is checked by a direct calculation. If a 3-manifoldM is compact
and has no boundary (closed), then the first term of the right hand side of (2)
vanishes and the second term is an integer. So we have the following.
Proposition 2.2. Let M be a closed oriented smooth 3-manifold. If we put
exp 2pi
√−1SM (A) := exp 2pi
√−1S˜M (A, s) for some s ∈ SP , then the Chern-
Simons action functional (CS action) is well-defined as an element of the unit
circle T = {z ∈ C| |z| = 1}
e2pi
√−1SM(A) ∈ T. (3)
In order to formulate the CS action in the case that a 3-manifold has bound-
ary, we need a certain line bundle.
Lemma 2.3. Let Σ be a closed oriented smooth 2-manifold.
(a) For g ∈ GΣ we define the Wess-Zumino term (WZ term) by
eWΣ(g) = exp
k
√−1
12pi
∫
Σ˜
Tr(g˜−1dg˜)3, (4)
where Σ˜ is a compact 3-manifold bounding Σ and g˜ ∈ GΣ˜ is an extension of g.
Then the WZ term satisfies the Polyakov-Wiegmann formula
eWΣ(g1g2) = expΓΣ(g1, g2)e
WΣ(g1)eWΣ(g2), (5)
ΓΣ(g1, g2) = −k
√−1
4pi
∫
Σ
Tr(g1
−1dg1 ∧ dg2g2−1). (6)
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(b) For a smooth G-bundle Q over Σ we define a function cΣ : AQ × SQ ×
GΣ → T by
cΣ(A, s, g) = exp
k
√−1
4pi
∫
Σ
Tr(s∗A ∧ dgg−1) ·
(
eWΣ(g)
)−1
. (7)
The function satisfies the following formula
cΣ(A, s, g1g2) = cΣ(A, s · g1, g2)cΣ(A, s, g1). (8)
The WZ term (4) is independent of the choice of the bounding manifolds
and the extensions. So it is well-defined as an element of T. A direct calculation
establishes the above lemma.
Proposition 2.4. For a closed oriented smooth 2-manifold Σ we define a quo-
tient space
L(Q,Σ) = AQ × SQ × C/ ∼ (9)
by (A, s, z) ∼ (A, s · g, cΣ(A, s, g)z) for g ∈ GΣ. If we define a projection Π :
L(Q,Σ) → AQ by Π([A, s, z]) := A, then we have a line bundle. Moreover the
line bundle has a Hermitian structure defined by the standard one on C.
Proof. We can check the well-definedness of the equivalence relation using (8).
Because GΣ freely acts on SQ, L(Q,Σ) is indeed a line bundle. The function cΣ
is T-valued, so the standard Hermitian structure on C defines that on LΣ.
We call the line bundle the Chern-Simons line bundle. We denote the set
of unit norm elements of the fiber of L(Q,Σ) at a by T(Q,Σ)(a). It is clear that
T(Q,Σ)(a) is a T-torsor (see Definition 4.1). When the underlying manifold Σ is
obvious, we abbreviate L(Q,Σ) and T(Q,Σ)(a) as LQ and TQ(a).
Proposition 2.5. Let P → M be a G-bundle over a compact oriented smooth
3-manifold with boundary. If we define the CS action by e2pi
√−1SM (A) :=
[∂A, ∂s, e2pi
√−1S˜M (A,s)] for some s ∈ SP , then the CS action is well-defined
as a unit norm element of the fiber of the CS line bundle
e2pi
√−1SM(A) ∈ T(∂P,∂M)(∂A). (10)
Proof. If we take the other section s′, then there exists a unique g ∈ GM such
that s′ = s · g. By (2) we have
[∂A, ∂s′, e2pi
√−1S˜M (A,s′)] = [∂A, ∂s · ∂g, c∂M (∂A, ∂s, ∂g)e2pi
√−1S˜M(A,s)]
= [∂A, ∂s, e2pi
√−1S˜M(A,s)].
Hence the CS action is well-defined. Obviously it is of unit norm.
The CS action and the CS line bundle are compatible with some operations
on manifolds. These fundamental properties are summarized in [4]. We do not
state here, but the same type of properties for the WZ term are described in
the next section (Proposition 3.6).
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3 The Wess-Zumino term and the central ex-
tensions of loop groups
We observe the definition of the WZ term in the case that the 2-manifold has
boundary and the construction of the central extensions of loop groups. The
properties of the WZ term and the central extensions play an essential role in
the main result of this paper.
First we associate a disk to each closed 1-manifold.
Definition 3.1. Let S be a closed smooth 1-manifold.
(a) If S is connected (S ∼= S1), then we define a disk DS as the cone
DS = S × [0, 1]/S × {0},
i.e. the set obtained from S× [0, 1] by collapsing S×{0} to a point. The disk DS
has the topology coinduced by the projection S × [0, 1] → DS . The structure
of smooth manifold is defined by taking DS itself as an open cover of DS , and
constructing a coordinate function DS → D2 from an identification S → S1. If
S is oriented, then DS is oriented too.
(b) If S is not connected, then we can express S = S1 ⊔ · · · ⊔ Sn (disjoint
union), where Si is a circle. In this case we put DS := DS1 ⊔ · · · ⊔DSn .
Lemma 3.2. Let S be a closed oriented smooth 1-manifold. We have ∂DS = S
with orientation. The assignment S 7→ Ds satisfies the following.
(a)(Functoriality) If f : S → S′ is an orientation preserving diffeomorphism
of closed oriented smooth 1-manifolds, then there exists a natural orientation
preserving diffeomorphism F : DS → DS′ such that ∂F = f .
(b)(Orientation) Let −S be the manifold with the opposite orientation to S.
There exists a natural identification D−S ∼= −DS.
Proof. If an orientation preserving diffeomorphism f is given, then we have the
orientation preserving diffeomorphism f × id : S × [0, 1]→ S′ × [0, 1]. This dif-
feomorphism induces the orientation preserving diffeomorphism F . This proves
(a). (b) is obvious from the definition of DS .
We extend the definition of the WZ term eWΣ(g) to the case that Σ has
boundary and the restriction of g to the boundary is the constant map whose
values are the unit e ∈ G. We put GΣ,0 = {h ∈ GΣ|∂h = e}.
Definition 3.3. Let Σ be a compact oriented smooth 2-manifold with bound-
ary ∂Σ = S1 ⊔ · · · ⊔ Sn. For h ∈ GΣ,0 we define the WZ term by
expWΣ(h) = expWΣ∪D(h ∪ e), (11)
where Σ∪D is a closed 2-manifold obtained by patching disks D = D1⊔· · ·⊔Dn,
and h ∪ e is the extension of h on the closed 2-manifold by the unit.
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Lemma 3.4. For a compact oriented smooth 2-manifold Σ with boundary, we
define a function χΣ : GΣ × GΣ,0 → T by χΣ(f, h) := exp {ΓΣ(f, h) +WΣ(h)}.
This function satisfies the following formula
χΣ(f, h1h2) = χΣ(fh1, h2)χΣ(f, h1). (12)
Proof. We can easily check the formula
ΓΣ(h1, h2) + ΓΣ(h0, h1h2) = ΓΣ(h0h1, h2) + ΓΣ(h0, h1). (13)
Using (13) and (5) we can prove this lemma.
We define a Hermitian line bundle over GS and the Wess-Zumino term in the
case that Σ has boundary by the similar way to the CS line bundle (Proposition
2.4) and the CS action (Proposition 2.5).
Definition 3.5. (a) Let S be a closed oriented smooth 1-manifold. We define
a line bundle over GS by putting
KS = GDS × C/ ∼, (14)
where the equivalence relation is (f, z) ∼ (fh, χ−DS (f, h)z) for h ∈ GΣ,0. The
projection qS : KS → GS is defined by qS([f, z]) := ∂f and the Hermitian
structure is defined by the standard Hermitian structure on C. We denote the
fiber of the line bundle as KS(γ) := KS |γ .
(b) Let Σ be a compact oriented smooth 2-manifold with boundary ∂Σ = S.
For g ∈ GΣ we put γ = ∂g. We define the WZ term as an element of unit norm
in KS(γ) by the following.
eWΣ(g) = [f, eWΣ∪(−DS )(g∪f)], (15)
where f ∈ G−DS = GDS is an element such that ∂f = γ.
Remark. If we identify C with KS(e), then Definition 3.3 is compatible with
Definition 3.5.
The Hermitian line bundle KS and the WZ term e
WΣ(g) satisfy the following
fundamental properties. The CS line bundle and the CS action satisfy similar
properties [4].
Proposition 3.6 ([4]). Let S be a closed oriented smooth 1-manifold and Σ a
compact oriented smooth 2-manifold with boundary. The assignments
γ ∈ GS 7−→ KS(γ),
g ∈ GΣ 7−→ eWΣ(g) ∈ K∂Σ(∂g)
satisfy the following properties.
(a) (Functoriality) If f : S′ → S be an orientation preserving diffeomor-
phism, then we have a natural isometry
φ̂f : KS(γ)→ KS′(f∗γ). (16)
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Moreover if there exists an orientation preserving diffeomorphism F : Σ′ → Σ
for 2-manifolds Σ and Σ′ such that ∂Σ = S, ∂Σ′ = S′ and ∂F = f , then we
have
φ̂f
(
eWΣ(g)
)
= eWΣ′ (F
∗g). (17)
(b) (Orientation) Let −S be the manifold with the opposite orientation to S.
Then we have a natural isomorphism
K−S(γ) ∼= K∗S(γ) (the dual line bundle). (18)
Moreover if ∂Σ = S then we have
eW−Σ(g) = eWΣ(g) (complex conjugation). (19)
(c) (Additivity) If S = S1 ⊔ · · · ⊔ Sn with γ = γ1 ⊔ · · · ⊔ γn, then we have a
natural isomorphism
KS(γ) ∼= KS1(γ1)⊗ · · · ⊗KSn(γn). (20)
Moreover if S is the boundary of Σ = Σ1 ⊔ · · · ⊔Σn with g = g1 ⊔ · · · ⊔ gn, then
we have
eWΣ(g) = eWΣ1 (g1) ⊗ · · · ⊗ eWΣn(gn) (21)
under the identification.
(d) (Gluing) Let Σ be a 2-manifold, S a closed 1-manifold, j : S → Σ an
embedding, and Σc the manifold obtained by cutting Σ along S. For g ∈ GΣ
we denote the corresponding element in GΣc by gc. Using the contraction at
γ := j∗g
Trγ : K∂Σc(∂gc)
∼= K∂Σ(∂g)⊗K∗S(γ)⊗KS(γ)→ K∂Σ(∂g) (22)
we have
Trγe
WΣc (gc) = eWΣ(g). (23)
Proof. These properties are the consequences of the properties of the disk DS .
(a) and (b) are proved directly using Lemma 3.2. (c) is proved by the definition
of the disk DS. We can prove (d) by writing explicitly the contraction of the
line bundles K∗S ⊗KS ∼= GS × C.
Using the Hermitian line bundle KS over GS we define the central exten-
sion of the loop group GS based on Mickelsson’s construction [10]. The central
extension is called the Kac-Moody group and is studied in detail [11].
Definition 3.7 ([10]). Let S be a closed oriented smooth 1-manifold. We de-
fine a group structure on ĜS = {γ̂ ∈ KS | |γ̂| = 1} as follows. Any element
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γ̂ ∈ ĜS is expressed as γ̂ = [g, u] for g ∈ GDS and u ∈ T. For γ̂1 = [f1, u1] and
γ̂2 = [f2, u2] we put
γ̂1 · γ̂2 = [f1, u1] · [f2, u2]
:= [f1f2, u1u2 expΓ−DS (f1, f2)]
The unit is eˆ = [e, 1] and the inverse of [f, u] is [f, u]−1 = [f−1, u−1]. The group
ĜS is a central extension of the loop group GS by T
1 −−−−→ T iS−−−−→ ĜS qS−−−−→ GS −−−−→ 1,
where iS(u) = u · eˆ = [e, u].
Note that the value of the WZ term formulated in Definition 3.5 is an element
of this group. We can easily check the following by (5).
Proposition 3.8. Let Σ be a compact oriented smooth 2-manifold with bound-
ary ∂Σ = S. As an element of ĜS the WZ term eWΣ(·) satisfies the Polyakov-
Wiegmann formula
eWΣ(g1g2) = expΓΣ(g1, g2)e
WΣ(g1) · eWΣ(g2). (24)
The following is essential to the construction of the liftings in Section 6.
Corollary 3.9. Let Q be a smooth principal G-bundle over a compact oriented
smooth 2-manifold Σ with boundary. Using the WZ term of Definition 3.5 we
define a function cΣ : AQ × SQ × GΣ → Ĝ∂Σ by
cΣ(A, s, g) = exp
k
√−1
4pi
∫
Σ
Tr(s∗A ∧ dgg−1) ·
(
eWΣ(g)
)−1
. (25)
Then cΣ satisfies the following formula
cΣ(A, s, g1g2) = cΣ(A, s · g1, g2) · cΣ(A, s, g1), (26)
where the right hand side is the group product in Ĝ∂Σ.
4 Introduction to T-gerbes
Gerbes are invented by Giraud [8]. In [2], Brylinski investigatesDixmier-Douady
sheaves of groupoids or DD gerbes as geometric objects corresponding to degree
3 integral cohomology classes. The gerbe with which we deal in this paper is
thought of as a “fiber” of a DD gerbe. The formulations here are based on [5].
Definition 4.1. A manifold T is called a T-torsor, or a principal T-space, if
there exists a simply transitive (right) action T × T → T . A morphism of
principal T-torsors is a map f : T1 → T2 which commutes with the T-actions.
We denote the category of T-torsors by T .
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T itself is a T-torsor and called the trivial T-torsor. If a T-bundle over X is
given, then the fiber at a point in X is a T-torsor. Note that each T-torsor is
isomorphic to the trivial T-torsor T, because a choice of a point on a T-torsor
gives an isomorphism. But, in general, we have no preferred point and there are
no canonical isomorphisms between T-torsors. Note also that all morphisms of
T-torsors are invertible. Hence the category T is a groupoid.
Definition 4.2. (a) Let T1 and T2 be T-torsors. We define an equivalence
relation on the manifold T1×T2 by (t1 · u, t2) ∼ (t1, t2 · u) for u ∈ T. We denote
the equivalence class of (t1, t2) by t1⊗t2. The quotient space is a T-torsor called
the product of T1 and T2, under the action t1 ⊗ t2 7→ t1 ⊗ (t2 · u).
(b) For a T-torsor T an isomorphism f : T → T of T-torsors is called a
trivialization of T . We denote by T ∗ the set of all trivializations of T . This
manifold is a T-torsor called the inverse of T under the action f 7→ f · u, where
f · u : T → T is defined by (f · u)(t) := f(t) · u.
The product and the inverse give T an abelian group-like structure [5]. The
structure is illustrated by the following proposition, which is easily proved.
Proposition 4.3. There exist natural isomorphisms of T-torsors which com-
mute with each other:
(a) (associativity) (T1 ⊗ T2)⊗ T3 ∼= T1 ⊗ (T2 ⊗ T3).
(b) (unit) T⊗ T ∼= T ∼= T ⊗ T.
(c) (inverse) T ∗ ⊗ T ∼= T ∼= T ⊗ T ∗.
(d) (commutativity) T1 ⊗ T2 ∼= T2 ⊗ T1.
Now we introduce a T-gerbe as a category with a “simply transitive action of
T .” The precise treatment of categories takes too many pages, so we often omit
details. The notation such as P ∈ C means that P is an object in a category C.
Definition 4.4. Let C be a category and ϕ : C × T → C a functor. The
functor is called a T -action if it makes the following diagrams commutative up
to natural equivalences.
C × T × T Id×⊗−−−−→ C × T
ϕ×Id
y yϕ
C × T −−−−→
ϕ
C
C (Id,eT)−−−−→ C × T∥∥∥ yϕ
C −−−−→
Id
C
In these diagrams ⊗ : T × T → T is the functor defined by the product of
T-torsors, and eT : C → T is the functor assigning all objects in C to T and
all morphisms to the identity 1 : T → T. We also require that ϕ is compatible
with the isomorphisms of Proposition 4.3. A T -action is simply transitive if the
functor C × T → C × C defined by (P, T ) 7→ (P, ϕ(P, T )) is an equivalence of
categories.
Because an object in a category may have inner structures, we have to dis-
tinguish equalities and isomorphisms strictly. For objects P ∈ C and T ∈ T we
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denote ϕ(P, T ) = P · T . The commutativity of two diagrams means that there
are natural isomorphisms P ·T ∼= P and (P ·T1) ·T2 ∼= P · (T1⊗T2). The simply
transitivity of a T -action amounts to the existence of a unique T-torsor T (P,Q)
for P,Q ∈ C together with a unique isomorphism P · T (P,Q) ∼= Q.
Definition 4.5. A category C is called a T-gerbe if it is a groupoid (i.e. all
morphisms are invertible) and has a simply transitive T -action. An isomorphism
of T-gerbes F : C1 → C2 is an equivalence of categories which makes the following
diagram commutative up to a natural equivalence.
C1 × T ϕ1−−−−→ C1
F×Id
y yF
C2 × T ϕ2−−−−→ C2
Remark. We can consider a T-gerbe as a “DD gerbe [2, 3] on the space consisting
of one point,” because we can identify T with the group of automorphisms of
an object in a T-gerbe by means of the natural isomorphism P · T ∼= P .
If we define a T -action on T itself by the product, then T is a T-gerbe
and is called the trivial T-gerbe. Note that each T-gerbe are isomorphic to the
trivial T-gerbe T as in the case of T-torsors. T-gerbes also have product and
inverse. These operations give the “category of T-gerbes” an abelian group-like
structure. In this paper, we distinguish the products of gerbes from that of
torsors by using ⊙.
Definition 4.6. (a) For T-gerbes C1 and C2 we define the product C1 ⊙ C2 as
follows. The objects in C1⊙C2 are the same as C1×C2. The morphisms of C1⊙C2
are that of C1×C2 and formal isomorphisms (P1, P2)→ (P1 ·T, P2 ·T ∗) for T ∈ T
and (P1, P2) ∈ C1 × C2. The T -action is defined as (P1, P2) · T = (P1, P2 · T ).
We denote the object in C1 ⊙ C2 corresponding to an object (P1, P2) in C1 × C2
by P1 ⊙ P2.
(b) The inverse C∗ of a T-gerbe C is defined as the following category. The
objects are isomorphisms of T-gerbes F : C → T . The morphisms are natural
equivalences between isomorphisms of T-gerbes. The T -action is defined as
F 7→ F · T , where F · T is the functor assigning an object P to F (P )⊗ T .
Proposition 4.7. There exist natural isomorphisms of T -gerbes which com-
mute with each other:
(a) (associativity) (C1 ⊙ C2)⊙ C3 ∼= C1 ⊙ (C2 ⊙ C3).
(b) (unit) T ⊙ C ∼= C ∼= C ⊙ T .
(c) (inverse) C∗ ⊙ C ∼= T ∼= C ⊙ C∗.
(d) (commutativity) C1 ⊙ C2 ∼= C2 ⊙ C1.
We denote the isomorphism of (c) by Tr and call the contraction.
Proof. For (a), we construct the functor by (P1 ⊙ P2) ⊙ P3 7→ P1 ⊙ (P2 ⊙ P3).
For (d), we construct the functor by P1 ⊙ P2 7→ P2 ⊙ P1. By the definition of
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the product of T-gerbes these functors give the isomorphism of T-gerbes. For
(b), the functor C ⊙ T → C is given by P ⊙ T 7→ P · T . For (c), the functor
C∗⊙C → T is given by F ⊙P 7→ F (P ). Because T acts on C simply transitively,
these functors are isomorphisms of T-gerbes.
We could define higher gerbes [5] by the inductive construction using the
abelian group-like structures. But these are beyond the scope of this paper.
5 Gerbes associated with liftings
We introduce the T-gerbes given by liftings of torsors and relate the operations
on liftings with that on gerbes.
First, we generalize the T-torsors by replacing T by a Lie group which may
be non-abelian. When a manifold Ξ admits a simply transitive (right) action of
a Lie group Γ, we call Ξ a Γ-torsor (recall Definition 4.1). A typical example of
a Γ-torsor is a fiber of a principal Γ-bundle.
Definition 5.1. Let Γ be a Lie group and Γ̂ a central extension Γ̂ by T
1 −−−−→ T i−−−−→ Γ̂ q−−−−→ Γ −−−−→ 1.
A lifting of a Γ-torsor Ξ is a pair (Ξ̂, q̂), where Ξ̂ is a Γ̂-torsor and q̂ : Ξ̂→ Ξ is
an equivariant map under the group actions: q̂(ξ̂ · γ̂) = q̂(ξ̂) · q(γ̂). A morphism
from (Ξ̂, q̂) to (Ξ̂′, q̂′) is a morphism f : Ξ̂→ Ξ̂′ as Γ̂-torsors which induces the
identity morphism on Ξ.
We often abbreviate (Ξ̂, q̂) as Ξ̂.
Lemma 5.2. Let Ξ be a Γ-torsor and Γ̂ be a central extension of Γ. For a
lifting (Ξ̂, q̂) of Ξ we put Ξ̂⊗T := (Ξ̂×T )/ ∼, where the equivalence relation ∼
is defined by (ξ̂ · u, t) ∼ (ξ̂, t · u) for u ∈ T. We denote the equivalence class of
(ξ̂, t) as ξ̂⊗ t. We define a map q̂′ : Ξ̂⊗ T → Ξ by q̂′(ξ̂ ⊗ t) = q̂(ξ̂). If we define
a Γ̂-action on Ξ̂⊗ T by ξ̂ ⊗ t 7→ (ξ̂ · γ̂)⊗ t, then (Ξ̂⊗ T, q̂′) is a lifting of Ξ.
Proof. Since T is the center of Γ̂, we can easily show this lemma.
Theorem 5.3. Let TΓ̂(Ξ) be the category of liftings of a Γ-torsor Ξ for a central
extension Γ̂ of Γ. If we define a T -action on TΓ̂(Ξ) by (Ξ̂, q̂) 7→ (Ξ̂⊗T, q̂′) using
Lemma 5.2, then TΓ̂(Ξ) is a T-gerbe.
Proof. The map Ξ̂⊗T→ Ξ̂ defined by ξ̂⊗u 7→ ξ̂u gives the isomorphism of the
liftings. We can also construct the isomorphism (Ξ̂ ⊗ T1)⊗ T2 ∼= Ξ̂⊗ (T1 ⊗ T2)
easily. These isomorphisms give rise to a T -action on TΓ̂(Ξ). For liftings Ξ̂1, Ξ̂2
the set of all morphisms from Ξ̂1 to Ξ̂2 give rise to a T-torsor which we denote
by T (Ξ̂1, Ξ̂2). There is a unique isomorphism Ξ̂1 ⊗ T (Ξ̂1, Ξ̂2)→ Ξ̂2. Using this
T-torsor we can prove that the T -action is simply transitive.
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The following corollary will be used in Section 6 to define the T-gerbe as-
signed to a connection on a principal bundle over a 1-manifold.
Corollary 5.4. Let p : B → X be a principal Γ-bundle and Γ̂ be a central
extension of Γ by T. For each x ∈ X we have a T-gerbe TΓ̂(B(x)), where
B(x) := B|x is the fiber of B at x.
Remark. The notion of lifting is usually defined for principal bundles. For a
Γ-bundle p : B → X and a central extension Γ̂, a lifting (B̂, q̂) is a principal Γ̂-
bundle p̂ : B̂ → X together with a map q̂ : B̂ → B satisfying q̂(̂b · γ̂) = q̂(̂b)·q(γ̂).
Therefor the T-gerbe TΓ̂(B(x)) can be identified with the category of liftings of
Γ-bundle B(x)→ {x}.
Since a central extension Γ̂ of a Lie group Γ by T is a T-bundle over Γ, there
exist operations on central extensions corresponding to that on T-bundles.
Definition 5.5. (a) (contracted product) Let Γ̂1 and Γ̂2 be central extensions
of Γ. We denote the units by eˆ1 and eˆ2 respectively. We define a group product
in the contracted product Γ̂1 ⊗ Γ̂2 of T-bundles by (γ̂1 ⊗ γ̂2) · (η̂1 ⊗ η̂2) :=
(γ̂1 · η̂1)⊗ (γ̂2 · η̂2). The unit is eˆ1 ⊗ eˆ2. This group is a central extension
1 −−−−→ T i1⊗i2−−−−→ Γ̂1 ⊗ Γ̂2 q1⊗q2−−−−→ Γ −−−−→ 1,
where (i1 ⊗ i2)(u) := uê1 ⊗ ê2 and (q1 ⊗ q2)(γ̂1 ⊗ γ̂2) := q1(γ̂1) = q2(γ̂2).
(b) (inverse) Let Γ̂∗ be the same manifold as Γ̂. We denote the element
corresponding to γ̂ ∈ Γ̂ by γ̂∗ ∈ Γ̂∗. We define a group product in Γ̂∗ by
γ̂∗1 · γ̂∗2 := (γ̂2 · γ̂1)∗. This group is a central extension
1 −−−−→ T i
∗
−−−−→ Γ̂∗ q
∗
−−−−→ Γ −−−−→ 1,
where i∗(u) := uê∗ (u denotes the complex conjugate of u) and q∗(γ̂∗) := q(γ̂)−1.
(c) (external product) Let Γ̂1 and Γ̂2 be central extensions of Γ1 and Γ2
respectively. We denote the projections by pi : Γ1 × Γ2 → Γi. The external
product Γ̂1 ⊠ Γ̂2 := p
∗
1Γ̂1 ⊗ p∗2Γ̂2 of T-bundles is a central extension
1 −−−−→ T ι−−−−→ Γ̂1 ⊠ Γ̂2 q1⊠q2−−−−→ Γ1 × Γ2 −−−−→ 1,
where ι(u) := uê1 ⊠ ê2 and (q1 ⊠ q2)(γ̂1 ⊠ γ̂2) := (q1(γ̂1), q2(γ̂2)).
Lemma 5.6. Let Γ̂ be a central extension of Γ, and Γ̂∗ the inverse of Γ̂. We
define a homomorphism of groups
Tr : Γ̂∗ ⊗ Γ̂→ Γ× T
by Tr(γ̂∗ ⊗ η̂) := (q(η̂), γ̂η̂). This is an isomorphism of central extensions.
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Proof. By the definition of the product we have q∗(γ̂∗) = q(η̂). So γ̂η̂ are ex-
pressed as an element of T and the map Tr is well-defined. The map is a homo-
morphism because T is the center. We can easily verify that the homomorphism
is an isomorphism of groups which makes the following diagram commutative.
1 −−−−→ T i
∗⊗i−−−−→ Γ̂∗ ⊗ Γ̂ q
∗⊗q−−−−→ Γ −−−−→ 1∥∥∥ Try ∥∥∥
1 −−−−→ T −−−−→ Γ× T −−−−→ Γ −−−−→ 1
These operations on central extensions give corresponding operations on
liftings of Γ-torsors.
Proposition 5.7. (a) Let Ξ be a Γ-torsor, (Ξ̂1, q̂1) and (Ξ̂2, q̂2) liftings for
central extensions Γ̂1 and Γ̂2 of Γ respectively. On the contracted product q̂1⊗q̂2 :
Ξ̂1 ⊗ Ξ̂2 → Ξ as T-bundles, we define a right action of Γ̂1 ⊗ Γ̂2 by (ξ̂1 ⊗ ξ̂2) ·
(γ̂1 ⊗ γ̂2) := (ξ̂1 · γ̂1)⊗ (ξ̂2 · γ̂2). Then (Ξ̂1 ⊗ Ξ̂2, q̂1 ⊗ q̂2) is a lifting for Γ̂1 ⊗ Γ̂2.
(b) Let Ξ be a Γ-torsor and (Ξ̂, q̂) a lifting for Γ̂. We define a right action
of the inverse Γ̂∗ on Ξ̂ by ξ̂ · γ̂∗ := ξ̂ · γ̂−1. We denote the manifold Ξ̂ with the
right action of Γ̂∗ by Ξ̂∗. If we define a map q̂∗ : Ξ̂∗ → Ξ by q̂∗ := q̂, then we
have a lifting (Ξ̂∗, q̂∗) of Ξ for Γ̂∗.
(c) Let Ξi be a Γi-torsor, Γ̂i a central extension of Γi, and pi : Ξ1×Ξ2 → Ξi
the projection (i = 1, 2). For liftings (Ξ̂i, q̂i) of Ξi for Γ̂i, the external product
Ξ̂1 ⊠ Ξ̂2 := p
∗
1Ξ̂1 ⊗ p∗2Ξ̂2 as T-bundles gives a lifting (Ξ̂1 ⊠ Ξ̂2, q̂1 ⊠ q̂2) of the
Γ1 × Γ2-torsor Ξ1 × Ξ2 for the central extension Γ̂1 ⊠ Γ̂2.
Proof. We can directly show this proposition using Definition 5.5.
Lemma 5.8. Let Γ̂ be a central extension of Γ and (Ξ̂, q̂) be a lifting of a Γ-
torsor Ξ for Γ̂. Using the isomorphism of Lemma 5.6 we consider Ξ̂∗ ⊗ Ξ̂ as a
Γ× T-torsor. There exists the isomorphism of liftings
Tr : Ξ̂∗ ⊗ Ξ̂→ Ξ× T
defined by Tr(ξ̂∗ ⊗ θ̂) := (q(θ̂), ζ(ξ̂, θ̂)), where ξ̂ · ζ(ξ̂, θ̂) = θ̂.
Proof. We can show this lemma in the proof of Lemma 5.6.
We describe the relation between these operations on liftings and the abelian
group-like structure of T-gerbes, which is helpful to the proof of Theorem 6.3.
Theorem 5.9. Let Ξ be a Γ-torsor. There exist natural isomorphisms of T-
gerbes
(a) TΓ̂1(Ξ)⊙ TΓ̂2(Ξ) ∼= TΓ̂1⊗Γ̂2(Ξ).
(b) TΓ×T(Ξ) ∼= T .
(c) TΓ̂(Ξ)∗ ∼= TΓ̂∗(Ξ).
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Proof. For (a), let Ξ̂1 and Ξ̂2 be objects in TΓ̂1(Ξ) and TΓ̂2(Ξ) respectively. We
define the functor TΓ̂1(Ξ)⊙TΓ̂2(Ξ)→ TΓ̂1⊗Γ̂2(Ξ) by assigning the formal object
Ξ̂1 ⊙ Ξ̂2 to the product of liftings Ξ̂1 ⊗ Ξ̂2. By the definition of T -action on
TΓ̂1(Ξ)⊙ TΓ̂2(Ξ) the functor is well-defined.
The quasi-inverse functor of this functor is constructed as follows. Let Ξ̂
be a lifting of Ξ for Γ̂1 ⊗ Γ̂2. Take a trivialization ϕ̂ : Ξ̂ → Γ̂1 ⊗ Γ̂2. This
induces the trivialization ϕ : Ξ → Γ. We put Ξ̂i = ϕ∗Γ̂i for i = 1, 2. The
trivialization ϕ̂ induces the natural isomorphism of liftings Ξ̂ ∼= Ξ̂1 ⊗ Ξ̂2. The
lifting Ξ̂1 ⊗ Ξ̂2 is unique up to the unique isomorphisms defined below. If ϕ̂′
is the other trivialization, there exists a unique element γ̂ ∈ Γ̂1 ⊗ Γ̂2 such that
γ̂ · ϕ̂(ξ̂) = ϕ̂′(ξ̂) for all ξ̂ ∈ Ξ̂. By multiplying γ̂ we have the unique isomorphism
f : Ξ̂1 ⊗ Ξ̂2 → Ξ̂′1 ⊗ Ξ̂′2. The unique isomorphism commute with the natural
isomorphism from Ξ̂ to the product of liftings. Then the assignment Ξ̂ 7→ Ξ̂1⊙Ξ̂2
gives the quasi-inverse functor.
For (b), let Ξ̂ be a lifting of Ξ for the trivial central extension Γ× T. Since
the quotient space Ξ̂/Γ is a T-torsor, we have a functor TΓ×T(Ξ) → T . If a
T-torsor T is given, then Ξ × T is clearly a lifting of Ξ for the trivial central
extension. This gives the quasi-inverse functor.
For (c), by the help of Lemma 5.8 and the isomorphism of (b), a lifting Ξ̂∗
for Γ̂∗ defines a functor FΞ̂∗ : TΓ̂(Ξ)→ T . The assignment Ξ̂∗ 7→ FΞ̂∗ gives the
isomorphism of T-gerbes TΓ̂∗(Ξ)→ TΓ̂(Ξ)∗.
Corollary 5.10. Let Ξ be a Γi-torsor and Γ̂i a central extension of Γi for i =
1, 2. We have a natural isomorphism of T-gerbes
TΓ̂1(Ξ1)⊙ TΓ̂1(Ξ2) ∼= TΓ̂1⊠Γ̂2(Ξ1 × Ξ2).
Proof. By using Proposition 5.7 (c) the assignment Ξ̂1⊙Ξ̂2 7→ Ξ̂1⊠Ξ̂2 defines the
functor above. We construct a quasi-inverse functor of this functor as follows.
Let Ξ̂ be a lifting of Ξ1 × Ξ2 for the central extension Γ̂1 ⊠ Γ̂2 := p∗1Γ̂1 ⊗ p∗2Γ̂2.
By the help of Theorem 5.9 (a) we can write Ξ̂ ∼= Ξ˜1 ⊗ Ξ˜2, where Ξ˜i is a lifting
of Ξ1 × Ξ2 for the central extension p∗i Γ̂i (i = 1, 2). Since p∗1Γ̂1 ∼= Γ̂1 × Γ2, we
obtain the lifting Ξ˜1/Γ2 of Ξ1 for Γ̂1. Similarly we obtain the lifting Ξ˜2/Γ1 of
Ξ2 for Γ̂2. Then the assignment Ξ̂ 7→ (Ξ˜1/Γ2)⊙ (Ξ˜2/Γ1) gives the quasi-inverse
functor.
6 Main results
Here we state the main results of this paper. We fix a Lie group G = SU(2).
Definition 6.1. Let S be a closed oriented smooth 1-manifold and R → S a
smooth principal G-bundle. We have a central extension ĜS of GS and a GS-
bundle BR = AR × SR over AR, where the loop group acts only on the space
SR of smooth sections of R. Using Corollary 5.4 We define a T-gerbe assigned
to a ∈ AR by B(R,S)(a) := TĜS (BR(a)).
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Theorem 6.2. Let Q be a smooth principal G-bundle over a compact oriented
smooth 2-manifold Σ with boundary. For a connection A on Q we define a
quotient space
B̂(Q,Σ)(A) = {A} × SQ × Ĝ∂Σ/ ∼ (27)
by the equivalence relation (A, s, γ̂) ∼ (A, s · g, cΣ(A, s, g) · γ̂) for g ∈ GΣ, where
cΣ is defined by (25). If we define a right action by [A, s, γ̂] · η̂ = [A, s, γ̂ · η̂]
and a map q̂(Q,Σ) : B̂(Q,Σ)(A)→ B∂Q(∂A) by q̂(Q,Σ)([A, s, γ̂]) = (∂A, ∂s ·qS(γ̂)),
then (B̂(Q,Σ), q̂(Q,Σ)) is a lifting of B∂Q(∂A), i.e. an object in B(∂Q,∂Σ)(∂A).
Proof. The relation ∼ is indeed an equivalence relation because of (26). Clearly
the right action is well-defined and is simply transitive. The map q̂(Q,Σ) is also
well-defined since qS(cΣ(A, s, g)) = ∂g
−1. We can easily check that it commutes
with the actions of the groups.
When the underlying manifolds are obvious, we abbreviate the notations as
B(R,S) = BR and (B̂(Q,Σ), q̂(Q,Σ)) = (B̂Q, q̂Q).
Remark. The construction above gives directly a lifting (B̂Q, q̂Q) on the G∂Σ-
bundle r∗B∂Q → AQ, where r : AQ → A∂Q is the restriction map. We can
consider the lifting as a T-bundle over r∗B∂Q = AQ × S∂Q. The Hermitian
line bundle associated with this T-bundle corresponds to the Chern-Simons line
bundle with ∂Σ 6= ∅ defined by Freed in [4].
Theorem 6.3. Let R → S be a G-bundle over a closed oriented smooth 1-
manifold, and Q→ Σ be a G-bundle over a compact oriented smooth 2-manifold
with boundary. The assignments
a ∈ AR 7−→ BR(a),
A ∈ AQ 7−→ (B̂Q(A), q̂Q) ∈ B∂Q(∂A)
satisfy the following properties.
(a) (Functoriality) If f : R′ → R be a bundle map covering an orientation
preserving diffeomorphism of 1-manifolds, then we have a natural isomorphism
of T-gerbes
Ψ̂f : BR(a)→ BR′(f∗a). (28)
Moreover if there are compact 2-manifolds Q, Q′ such that ∂Q = R, ∂Q′ = R′
and a bundle map F : Q′ → Q covering an orientation preserving diffeomor-
phism such that ∂F = f , then we have a natural isomorphism of liftings
Ψ̂f
(
(B̂Q(A), q̂Q)
) ∼= (B̂Q′(F ∗A), q̂Q′ ). (29)
(b) (Orientation) Let −S be the manifold with the opposite orientation to S.
Then we have a natural isomorphism of T-gerbes
B(R,−S)(a) ∼= B(R,S)(a)∗. (30)
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Moreover if ∂Σ = S then we have a natural isomorphism of liftings
(B̂(Q,−Σ)(A), q̂(Q,−Σ)) ∼= (B̂(Q,Σ)(A)∗, q̂∗(Q,Σ)). (31)
(c) (Additivity) If R = R1 ⊔ · · · ⊔Rn with a = a1 ⊔ · · · ⊔ an, then we have a
natural isomorphism of T-gerbes
BR(a) ∼= BR1(a1)⊙ · · · ⊙ BRn(an). (32)
Moreover if R is the boundary of Q = Q1 ⊔ · · · ⊔ Qn with A = A1 ⊔ · · · ⊔ An,
then we have a natural isomorphism of liftings
(B̂Q(A), q̂Q) ∼= (B̂Q1(A1), q̂Q1)⊙ · · · ⊙ (B̂Qn(An), q̂Qn). (33)
(d) (Gluing) Let Σ be a 2-manifold, S a closed 1-manifold, j : S → Σ an
embedding, and Σc the manifold obtained by cutting Σ along S. For a G-bundle
Q over Σ we have the induced G-bundle Qc over Σc and R := j
∗Q over S. For
a connection A ∈ AQ we denote the corresponding connections by Ac ∈ AQc
and a := j∗A ∈ AR. We have a natural isomorphism of liftings
Tra
(
(B̂Qc(Ac), q̂Qc)
) ∼= (B̂Q(A), q̂Q), (34)
where Tra is the contraction of T-gerbes
Tra : B∂Qc(∂Ac) ∼= B∂Q(∂A)⊙ BR(a)∗ ⊙ BR(a)→ B∂Q(∂A). (35)
Proof. For (a), f : S′ → S denotes the diffeomorphism covered by f . Let
(B̂, q̂) be a lifting of the GS-bundle BR(a). We define a ĜS′ -action on B̂ via the
isomorphism φ̂f : ĜS → ĜS′ induced from Proposition 3.6 (a). If we define a
map Ψf : BR(a)→ BR′(f∗a) by Ψf(a, s) := (f∗a, f−1 ◦ s ◦ f), then (B̂,Ψf ◦ q̂)
is a lifting of the GS′ -bundle BR′(f∗a). This assignment of liftings gives rise
to the isomorphism (28). If a bundle map F : Q′ → Q is given, then the map
SQ × ĜΣ → SQ′ × ĜΣ′ defined by (s, γ̂) 7→ (F−1 ◦ s ◦ F, φ̂f (γ̂)) induces the map
B̂Q(A)→ B̂Q′(F ∗A). By the functoriality of the integration over manifolds the
induced map gives the isomorphism of the liftings of B∂Q′(f
∗a)
Ψ̂f
(
(B̂Q(A), q̂Q)
)
= (B̂Q(A),Ψf ◦ q̂Q) −→ (B̂Q′(F ∗A), q̂Q′).
For (b), we have the isomorphism Ĝ−S ∼= Ĝ∗ of the central extensions of
G−S = GS from Proposition 3.6 (b). By the help of Theorem 5.9 (c) we have the
isomorphism of (30). Since the integration over manifolds satisfies
∫
−X = −
∫
X
,
we can easily construct the isomorphism (31).
For (c), we prove the case of n = 2. It is clear that GS1⊔S2 = GS1 × GS2 . By
using Proposition 3.6 (c) we get the isomorphism ĜS1⊔S2 ∼= ĜS1 ⊠ ĜS2 . We can
easily see that BR(a) = BR1(a1) × BR2(a2). Applying Corollary 5.10 we have
the isomorphism (32). We also have the isomorphism (33) using the additivity
of the integration over manifolds.
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For (d), we describe the image under the isomorphism Tra first. Let B̂ be
a lifting of GΣc -bundle B∂Qc(∂Ac). By choosing a trivialization of B̂ we write
B̂ ∼= B̂1⊠B̂2⊠B̂3, where B̂1, B̂2 and B̂3 are liftings of B∂Q(∂A), B(R,−S)(a) and
B(R,S)(a) respectively. Using (b) we identify B̂2 with a lifting on B(R,S) for the
central extension G∗S . Under the isomorphism BR(a)∗⊙BR(a) ∼= T we obtain the
corresponding T-torsor T = B̂2 ⊗ B̂3/GS . Therefore we have Tra(B̂) = B̂1 ⊗ T .
This construction seems to depend on the choice of the trivialization. Recall the
proof of Theorem 5.9 (a). If we take the other trivialization, then we have the
unique isomorphism f : B̂1⊠ B̂2⊠ B̂3 → B̂′1⊠ B̂′2⊠ B̂′3. This induces the unique
isomorphism Tra(f) : B̂1 → B̂′1. Hence the image of Tra is uniquely determined
up to the unique isomorphism.
Now we put B̂ = B̂Qc(Ac). The trivialization is induced by choosing a
section sQc ∈ SQc . We put ∂sQc := (s∂Q, sR, s′R) ∈ S∂Qc = S∂Q × SR × SR.
Though sR 6= s′R in general, we can choose a section such that sR = s′R by using
the action of GΣc . We fix such a section σQc and put ∂σQc := (σ∂Q, σR, σR).
Under this choice we can put B̂1 := G∂Σ, B̂2 := G−S and B̂3 := GS , where the
equivariant maps are defined by
B̂1 → B∂Q(∂A), B̂2 → B(R,−S)(a), B̂3 → B(R,S)(a),
(γ̂∂Σ 7→ σ∂Q · q∂Σ(γ̂∂Σ)) (γ̂−S 7→ σR · q−S(γ̂−S)) (γ̂S 7→ σR · qS(γ̂S))
respectively. We can easily see that the inverse lifting B̂∗2 is naturally isomorphic
to B̂3. Hence we have natural isomorphisms T ∼= T and B̂1⊗T ∼= B̂1. If we take
the other section σ′Qc , then there exists a unique element gc ∈ GΣc such that
σ′Qc = σQc ·gc. The isomorphism f : B̂1⊠ B̂2⊠ B̂3 → B̂′1⊠ B̂′2⊠ B̂′3 is defined by
γ̂∂Σ⊠γ̂−S⊠γ̂S 7→ cΣc(Ac, σQc , gc)·γ̂∂Σ⊠γ̂−S⊠γ̂S. Note that σQc and gc give the
corresponding elements σQ ∈ SQ and g ∈ GΣ. Using Proposition 3.6 (d) and the
property of the integration, we have Tr(cΣc(Ac, σQc , gc)) = cΣ(A, σQ, g). Hence
the unique isomorphism Tra(f) is defined by γ̂Σ 7→ cΣ(A, σQ, g) · γ̂Σ. Therefore
the isomorphism of liftings B̂1 → B̂Q(A) defined by γ̂Σ 7→ [A, σQ, γ̂Σ] gives rise
to the isomorphism (34).
Corollary 6.4. If ∂Σ = ∅ in Theorem 6.3 (d), we have a natural isomorphism
of T-torsors
Tra
(
(B̂Qc(Ac), q̂Qc)
) ∼= TQ(A), (36)
where Tra is the isomorphism of T-gerbes
Tra : B∂Qc(∂Ac) ∼= BR(a)∗ ⊙ BR(a)→ T . (37)
As the T-torsor TQ(a) is related to the Hermitian line bundle on the space
of connections AQ, the T-gerbe BR(a) is related to a certain geometric object
on AR. That is a Dixmier-Douady sheaf of groupoids or a DD gerbe [2, 3]. We
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can define a natural DD gerbe on AR by extending the construction of BR(a).
The precise definition and the differential geometry of the DD gerbes are the
subjects of the forthcoming paper [9].
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